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Abstract: We study the defect operator product expansion (OPE) of displacement opera-
tors in free and interacting conformal field theories using replica methods. We show that as
n approaches 1 a contact term can emerge when the OPE contains defect operators of twist
d− 2. For interacting theories and general states we give evidence that the only possibility is
from the defect operator that becomes the stress tensor in the n→ 1 limit. This implies that
the quantum null energy condition (QNEC) is always saturated for CFTs with a twist gap.
As a check, we show independently that in a large class of near vacuum states, the second
variation of the entanglement entropy is given by a simple correlation function of averaged
null energy operators as studied by Hofman and Maldacena. This suggests that sub-leading
terms in the the defect OPE are controlled by a defect version of the spin-3 non-local light ray
operator and we speculate about the possible origin of such a defect operator. For free theories
this contribution condenses to a contact term that leads to violations of QNEC saturation.
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1 Introduction
Despite much progress in understanding entanglement entropy using bulk geometric methods
in holographic field theories [1–3], significantly less progress has been made on the more
difficult problem of computing entanglement entropy directly in field theory. Part of what
makes entanglement entropy such a difficult object to study in field theory is its inherently
non-local and state-dependent nature.
One way to access the structure of entanglement in field theories is to study its dependence
on the shape of the entangling surface. Such considerations have led to important results on
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the nature of entanglement in quantum field theories [4–12]. To study the shape dependence
of entanglement entropy for QFTs in d > 2 dimensions, consider a Cauchy slice Σ containing
a subregion R with entangling surface ∂R in a general conformal field theory. By unitary
equivalence of Cauchy slices which intersect the same surface ∂R, the entanglement entropy
for some fixed global state can be viewed as a functional of the entangling surface embedding
coordinates Xµ(yi) where the yi with i = 1, ..., d − 2 are internal coordinates on ∂R. We
write:
SR = S[X(y)]. (1.1)
The shape dependence of the entanglement entropy can then be accessed by taking functional
derivatives. In particular, we can expand the entanglement entropy about some background
entangling surface X(y) = X0(y) + δX(y) as
S[X] = S[X0] +
∫
dd−2y
δSR
δXµ(y)
∣∣∣∣
X0
δXµ(y)
+
∫
dd−2ydd−2y′
δ2SR
δXµ(y)δXν(y′)
∣∣∣∣
X0
δXµ(y)δXν(y′) + ... . (1.2)
This second variation has received a lot of attention in part because it is an essential
ingredient in defining the quantum null energy condition (QNEC) [8, 13]. The QNEC bounds
the null-null component of the stress tensor at a point by a specific contribution from the
second shape variation of the entanglement entropy. More specifically, this second variation
can be naturally split into two pieces - the diagonal term which is proportional to a delta
function in the internal coordinates yi and the off-diagonal terms1
δ2SR
δX+(y)δX+(y′)
= S
′′
(y)δ(d−2)(y − y′) + (off-diagonal). (1.3)
where (X+, X−) are the null directions orthogonal to the defect. The QNEC states that the
null energy flowing past a point must be lower bounded by the diagonal second variation
〈T++(y)〉 ≥ ~
2pi
S
′′
(y), (1.4)
1Note that the entanglement entropy, being UV divergent, will typically have divergent contributions that
are local to the entangling surface. These will show up as a limited set of diagonal/contact terms in (1.3).
For deformations about a sufficiently flat entangling surface these terms do not contribute to the contact term
that is the subject of the QNEC. The divergent terms will not be the subject of investigation here.
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Figure 1. We consider the entanglement entropy associated to a spatial subregion R. The entangling
surface lies along x− = 0 and x+ = X+(y). In this work, we study the dependence of the entanglement
entropy on the profile X+(y).
where we are taking R to be a Rindler wedge. This inequality was first proposed as the
GN → 0 limit of the quantum focussing conjecture [13], and was first proven in free and
super-renormalizable field theories in [5]. The proof for general QFTs with an interacting UV
fixed point was given in [9]. More recently, yet another proof was given using techniques from
algebraic quantum field theory [14].
The method of proof in the free case involved explicitly computing S′′++ where it was
found that
S
′′
=
2pi
~
〈T++〉 −Q (1.5)
where for general states Q ≥ 0. In contrast, the proof in general QFTs relied on relating
the inequality (1.4) to the causality of a certain correlation function involving modular flow.
This left open the question of whether S′′ could be explicility computed in more general field
theories.
In [15] the diagonal term S′′ was computed in large N QFTs in states with a geometric
dual. Remarkably, the result was
S
′′
(y) = 2pi 〈T++(y)〉 (1.6)
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where we have now set ~ = 1. In other words, Q = 0 for such theories. In that work, it was
argued that neither finite coupling nor finite N corrections should affect this formula. This led
the authors of [15] to conjecture (1.6) for all interacting CFTs. The main goal of this paper
is to provide evidence for (1.6) in general CFTs with a twist gap.
The method of argument will follow from the replica trick for computing entanglement
entropy. The replica trick uses the formula
S[R] = lim
n→1
(1− n∂n) log Tr[ρnR] (1.7)
to relate the entanglement entropy to the partition function of the CFT on a replicated
manifold [16, 17] (see also [18–21])
Tr[ρnR] = Zn/(Z1)
n. (1.8)
At integer n, Zn can be computed via a path integral on a branched manifold with n-sheets.
Alternatively, one can compute this as a path integral on an unbranched manifold but in the
presence of a twist defect operator Σn of co-dimension 2 that lives at the entangling surface
[22]. Doing so allows us to employ techniques from defect CFTs. See [23–26] for a general
introduction to these tools.
In particular, shape deformations of the defect are controlled by a defect operator, namely
the displacement operator, with components Dˆ+, Dˆ−. This operator is universal to defect
CFTs. Its importance in entanglement entropy computations was elucidated in [9, 22, 23].
Consequently, the second variation of the entanglement entropy is related to the two-point
function of displacement operators
δ2S
δX+(y)δX+(y′)
= lim
n→1
−2pi
n− 1 〈Σ
ψ
nDˆ+(y)Dˆ+(y
′)〉 , (1.9)
where the notation Σψn will be explained in the next section.
Since we are interested in the delta function contribution to this second variation, we
can take the limit where the two displacement operators approach each other, y → y′. This
suggests that we should study the OPE of two displacement operators and look for terms
which produce a delta function, at least as n→ 1.
It might seem strange to look for a delta function in an OPE since the latter, without
further input, results in an expansion in powers of |y − y′|. We will find a delta function can
emerge from a delicate interplay between the OPE and the replica limit n→ 1.
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An obvious check of our understanding of (1.6) is to explain how this formula can be true
for interacting theories while there exist states for which Q > 0 in free theories. This is a
particularly pertinent concern in, for example, N = 4 super-Yang Mills where one can tune
the coupling to zero while remaining at a CFT fixed point. We will find that in the free limit
certain terms in the off-diagonal contributions of (1.3) become more singular and “condense"
into a delta function in the zero coupling limit. In a weakly interacting theory it becomes a
question of resolution as to whether one considers Q to be zero or not.
In fact this phenomenon is not unprecedented. The authors of [27] studied energy correla-
tion functions in a so called conformal collider setup. The statistical properties of the angular
distribution of energy in excited states collected at long distances is very different for free and
interacting CFTs. We conjecture that these situations are controlled by the same physics. Ex-
plicitly, in certain special “near vacuum” states, there is a contribution to the second variation
of entanglement that can be written in terms of these energy correlation functions.
Schematically, we will find
δ2S
δX+(y)δX+(y′)
− 2pi
~
〈T++〉 δ(d−2)(y − y′) ∼
∫
dses 〈OEˆ+(y)Eˆ+(y′)eiKsO〉 (1.10)
where
Eˆ+(y) =
∫ ∞
−∞
dλ 〈T++(x+ = λ, x− = 0, y)〉 (1.11)
is the averaged null energy operator discussed in [27] and the O’s should be thought of as state-
creation operators. The operator K is the boost generator about the undeformed entangling
surface.
The singularities in |y − y′| of the correlator in (1.10) are then understood by taking the
OPE of two averaged null energy operators. This OPE was first discussed in [27] where a new
non-local “light ray" operator of spin 3 was found to control the small y − y′ limit.
In the free limit, we will show that this non-local operator has the correct scaling dimension
to give rise to a new delta function term in (1.10). In the interacting case this operator picks
up an anomalous dimension and thus lifts the delta function.
In other words, the presence of an extra delta function in the second variation of the
entanglement entropy in free theories can be viewed as a manifestation of the singular behavior
of the conformal collider energy correlation functions in free theories. This is just another
manifestation of the important relationship between entanglement and energy density in QFT.
The presence of this spin-3 light ray operator in the shape variation of entanglement in
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specific states however points to an issue with our defect OPE argument. In particular one can
show that this contribution cannot come directly from one of the local defect operators that
we enumerated in order to argue for saturation. Thus one might worry that there are other
additional non-trivial contributions to the OPE that we miss by simply analyzing this local
defect spectrum. The main issue seems to be that the n→ 1 limit does not commute with the
OPE limit. Thus in order to take the limit in the proper order we should first re-sum a subset
of the defect operators in the OPE before taking the limit n → 1. For specific states we can
effectively achieve this resummation (by giving a general expression valid for finite |y − y′|)
however for general states we have not managed to do this. Thus, we are not sure how this
spin-3 light ray operator will show up for more general states beyond those covered by (1.10).
Nevertheless we will refer to these non-standard contributions as arising from “nonlocal defect
operators.”
The basic reason it is hard to make a general statement is that entanglement can be
thought of as a state dependent observable. This state dependence shows up in the replica
trick as a non-trivial n dependence in the limit n → 1 so the order of limits issue discussed
above is linked to this state dependence. We are thus left to compute the OPE of two
displacement operators for some specific states and configurations. This allows us to check
the power laws that appear in the |y1−y2| expansion for possible saturation violations. Given
this we present two main pieces of evidence that the nonlocal defect operators do not lead to
violations of QNEC saturation. The first is the aforementioned near vacuum state calculation.
The second is a new calculation of the fourth shape variation of vacuum entanglement entropy
which is also sensitive to the displacement operator defect OPE. In both cases we find that
the only new operator that shows up is the spin-3 light ray operator.
The outline of the paper is as follows.
• In Section 2, we begin by reviewing the basics of the replica trick and the relevant ideas
from defect conformal field theory. We review the spectrum of local operators that are
induced on the defect, including the infinite family of so-called higher spin displacement
operators. We show that, in an interacting theory, these higher spin operators by them-
selves cannot contribute to the diagonal QNEC. We also present a present a certain
conjecture about the nonlocal defect operators.
• In Section 3, we discuss how a delta function appears in the OPE of two displacement
operators. We focus on a specific defect operator that limits to T++ as n→ 1. For this
defect operator we derive a prediction for the ratio of the D+D+ OPE coefficient and
its anomalous defect dimension. In Section 4, we check this prediction by making use
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of a modified Ward identity for the defect theory. In Appendix C-D we also explicitly
compute the anomalous dimension and the OPE coefficient to confirm this prediction.
• In Section 5, we take up the concern that there could be other operators which lead to
delta functions even for interacting CFTs. To do this, we compute the defect four point
function Fn := 〈Σ0nDˆ+(y1)Dˆ+(y2)Dˆ−(y3)Dˆ−(y4)〉 in the limit n→ 1. From this we can
read off the spectrum by analyzing the powers of |y1 − y2| that appear as y1 → y2. We
will find that these powers arise from the light-ray OPE of two averaged null energy
operators.
• Finally, in Section 6, we check our results by explicitly computing the entanglement
entropy second variation in near-vacuum states. By using null quantiation for free
theories, we show that our results agree with that of [8].
• In Section 7, we end with a discussion of our results.
2 Replica Trick and the Displacement Operator
In this section, we will review the replica trick and discuss the connection between entangle-
ment entropy and defect operators. This naturally leads to the displacement operator, which
will be the key tool for studying (1.6).
As outlined in the introduction, the replica trick instructs us to compute the partition
function Zn/(Z1)n = Tr[ρnR], which can be understood as a path integral on a branched
manifoldMn(R), where taking the product of density matrices acts to glue each consecutive
sheet together. Using the state operator correspondence, a general state can be represented
by the insertion of of a scalar operator in the Euclidean section, so that
Zn = 〈ψ†⊗nψ⊗n〉Mn(R) (2.1)
where each ψ is inserted on cyclicly consecutive sheets. Alternatively, we can view this 2n-
point correlation function as being computed not on an n-sheeted manifold but on a manifold
with trivial topology in the presence of a codimension 2 twist defect operator
Zn = 〈Σ0nψ†⊗nψ⊗n〉CFT⊗n/Zn ≡ 〈Σψn〉 (2.2)
where we have used a compact notation for the twist operator that includes the state operator
insertions: Σψn ≡ Σ0nψ†⊗nψ⊗n. It is convenient (and possible) to orbifold the CFT⊗n which
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projects onto states in the singlet of Zn. This allows us to work with a CFT that for example
has only one conserved stress tensor.
We take the defect Σ0n to be associated to a flat cut of a null plane in Minkowski space.
We take the metric to be
ds2 = dzdz¯ + d~y2 (2.3)
where z and z¯ are complexified lightcone coordinates. That is, on the Lorentzian section we
have z = −x− = x+iτ and z¯ = x+ = x−iτ . Thus, we take the defect to lie at x− = X−(y) = 0
and x+ = X+(y) = 0.
For the case of a flat defect, the operator Σ0n breaks the conformal symmetry group down to
SO(2)× SO(d− 1, 1), with the SO(2) corresponding to the rotations of the plane orthogonal
to the defect. This symmetry group suggests that a bulk dimension-d CFT descends to a
dimension d − 2 defect CFT, which describes the excitations of the defect. We can thus use
the language of boundary CFTs to analyze this problem. We will only give a cursory overview
of this rich subject. For a more thorough review of the topic see [9, 22, 23], and for additional
background see [28–31]. The important aspect for us will be the spectrum of operators that
live on the defect.
The spectrum of operators associated to the twist defect was studied in [9]. In that work,
techniques were laid out to understand how bulk primary operators induce operators on the
defect. This can be quantitatively understood by examining the two-point function of bulk
scalar operators in the limit that they both approach the defect. We imagine that as a bulk
operator approaches the defect, we can expand in the transverse distance |z| in a bulk to
defect OPE so that
lim
|z|→0
n−1∑
k=0
O(k)(z, z¯, y)Σ0n = z−(∆O+`O)z¯−(∆O−`O)
∑
j
CjOz
(∆ˆj+`j)/2z¯(∆ˆj−`j)/2Oˆj(y)Σ0n (2.4)
where ∆O is the dimension of the bulk operator, while ∆ˆj is the dimension of the jth defect
operator Oˆj . Every operator is also now labeled by its spin, `, under the SO(2) rotations
z → ze−iφ. From the defect CFT point of view, the SO(2) spin is an internal symmetry and
the `j ’s are the defect operators’ associated quantum numbers. Notice that the Zn symmetry
has the effect of projecting out operators of non-integer spin. This is another reason for why
the Zn orbifolding is needed for treating the theory on the defect as a normal Euclidean CFT.
Equation (2.4) suggests an easy way to obtain defect operators in terms of the bulk
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operators. Consider the lowest dimension defect operator ∆ˆ` of a fixed spin `. Then we can
extract the defect operator via a residue projection,
Oˆ`(0)Σ0n = lim|z|→0
|z|−τˆ`+τα
2pii
∮
dz
z
z−`+`α
n−1∑
k=0
O(k)α (z, |z|2/z, 0)Σ0n (2.5)
where τˆ` and τα are the twists of the defect and bulk operators respectively. Note that these
leading twist operators are necessarily defect primaries.
Note that in general, due to the breaking of full conformal symmetry, ∆ˆ` will contain an
anomalous dimension γ`(n). In this paper we will mainly be interested in the defect spectrum
near n = 1 so after analytically continuing in n we can expand γ`(n) around n = 1 as
γ(n) = γ(0) + γ(1)(n − 1) + O((n − 1)2). We now give a brief review of the various defect
operators discovered in [9].2
2.1 Operators induced by bulk scalars or spin one primaries
Associated to each bulk scalar φ, or spin-one primary Vµ, of dimension ∆φ,∆V , the authors
of [9] found a family of defect operators of dimension ∆ˆ`φ,V = ∆φ,V − Jφ,V + `+ γ(1)φ,V (n− 1) +
O((n−1)2) with SO(2) spin ` along with their defect descendants. Here Jφ,V = 0, 1 for φ and
V respectively and importantly ` ≥ J . The anomalous dimensions for the operators induced
by bulk scalars, γφ, are given in formula (3.25) of [9]. We will not be concerned with these
two families in this paper.
2.2 Operators induced by bulk primaries of spin J ≥ 2
For primary operators of spin J ≥ 2, the authors of [9] again found a similar family of operators
with dimensions ∆ˆ`J = ∆J − J + `+ γ(1)J,` (n− 1) +O((n− 1)2) where ` ≥ J .
For a primary of spin J ≥ 2, there are also J − 1 “new" operators with SO(2) charge
J − 1 ≥ ` ≥ 1. These “displacement operators" can be written at integer n as
DˆJ` = i
∮
dz¯
z¯J−`−1
|z|γJ,`(n)
n−1∑
k=0
J (k)+...+(|z|2/z¯, z¯) (2.6)
where J is the spin of the bulk primary J+...+ and 1 ≤ ` ≤ J−1 is the SO(2) spin of the defect
operator. The power of |z|γ accounts for the dependence of the defect operator dimension on
n.
2See [32] for a complementary method for computing the defect spectrum from the bootstrap and an
appropriate Lorentzian inversion formula. It would be interesting to derive some of the results presented here
in that language.
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We will primarily be interested in the spectrum of T++ on the defect for which there
is only one displacement operator, Dˆ+. The displacement operator can also be equivalently
defined in terms of the diffeomorphism Ward identity in the presence of the defect [23]
∇µ〈ΣψnTµν〉 = δ(z, z¯)〈ΣψnDˆν〉. (2.7)
This implies that Dˆ+ corresponds to a null deformation of the orbifold partition function with
respect to the entangling surface. In particular, entropy variations are given by Dˆ+ insertions
in the limit n→ 1:
〈ΣψnDˆ+(y)〉 = (n− 1)〈Σψn〉
δSψ
δx+(y)
+O((n− 1)2) (2.8)
The generalization to two derivatives is then just
〈ΣψnDˆ+(y)Dˆ+(y′)〉 = (n− 1)〈Σψn〉
δ2Sψ
δX+(y)X+(y′)
+O((n− 1)2). (2.9)
We see importantly that statements about entropy variations can be related directly to dis-
placement operator correlation functions.
3 Towards saturation of the QNEC
With the displacement operator in hand, we can now describe an argument for QNEC satu-
ration. As just described, second derivatives of the entanglement entropy can be computed
via two point functions of the defect CFT displacement operator. Thus, we are interested in
proving the following identity:
lim
n→1
1
n− 1〈Σ
ψ
nDˆ+(y)Dˆ+(y
′)〉 = 2pi 〈Tˆ++(y)〉ψ δd−2(y − y′)
+ (less divergent in |y − y′|) (3.1)
where |ψ〉 is any well-defined state in the CFT.
Since we are only interested in the short distance behavior of this equality - namely the
delta function piece - we can examine the OPE of the displacement operators
1
n− 1Dˆ+(y)Dˆ+(y
′) =
1
n− 1
∑
α
cα(n)Oˆα++(y)
|y − y′|2(d−1)−∆α+γα(n) + descendants (3.2)
where ∆α is the dimension of the defect primary Oˆα at n = 1 and γα(n) gives the n dependence
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of the dimension away from n = 1. We will refer to γα(n) as an anomalous dimension. Note
that this is an OPE defined purely in the defect CFT. The ++ labels denote the SO(2) spin
of the defect operator, which must match on both sides of the equation. The dimension of the
displacement operators themselves are independent of n and fixed by a Ward identity to be
d− 1.
At first glance, this equation would suggest that there are no delta functions in the
OPE, only power law divergences. In computing the entanglement entropy, however, we are
interested in the limit as n → 1. In this limit, it is possible for a power law to turn into a
delta function as follows:
lim
n→1
n− 1
|y − y′|d−2−γ(1)(n−1) =
Sd−3
γ(1)
δ(d−2)(y − y′) (3.3)
where γ = γ(1)(n − 1) + O((n − 1)2) and Sd−3 in the area of the d − 3 sphere. Comparison
of equations (3.3) and (3.2) shows that a delta function can “condense" in the Dˆ+× Dˆ+ OPE
only if the OPE coefficient and anomalous dimension obey
cα(n)/γα(n) ∼ (n− 1) +O((n− 1)2) (3.4)
as n approaches 1.
This is, however, not sufficient for a delta function to appear in (3.2) as n→ 1. We also
need to have
∆α = d (3.5)
at n = 1. In other words, the defect operators we are looking for must limit to an operator of
SO(2) spin two and dimension d as the defect disappears. Clearly, the ` = 2 operator induced
by the bulk stress tensor, Tˆ++, satisfies these conditions. Indeed, the first law of entanglement
necessitates the appearance of Tˆ++ in the Dˆ+ × Dˆ+ OPE with a delta function (see Section
4.1 below).
Our main claim, (3.1), is the statement that no other operator can show up in (3.2)
whose contribution becomes a delta function in the n → 1 limit. In the rest of this section,
we enumerate all the possible operators that could appear in the Dˆ+ × Dˆ+ OPE (3.2).
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3.1 Defect operators induced by low-dimension scalars
If there exists a scalar operator of dimension ∆ = d − 2, then the associated defect operator
with SO(2) spin ` = 2 will have dimension ∆ = d at leading order in n− 1. This possibility
was discussed in [15]. The contribution of such an operator was found to drop out of the
final quantity 〈T++〉 − 12piS′′++ for holographic CFTs. We expect the same thing to happen in
general CFTs in the presence of such an operator, so we ignore this possibility.
3.2 ` = 2 operators induced by spin one primaries
As discussed earlier, these defect operators have dimension ∆ˆ = ∆V + 1 +O(n− 1). We see
that for spin one primaries not saturating the unitarity bound, i.e. ∆V > d− 1, these cannot
contribute delta functions. Actually, since these operators exist in the CFT at n = 1, we will
argue in the next section that the first law of entanglement forces their OPE coefficients to
be of order (n− 1)2.
For spin-one primaries saturating the unitarity bound, Vµ is then the current associated
to some internal symmetry. The entropy is uncharged under all symmetries, so such operators
cannot contribute to Dˆ+ × Dˆ+.
3.3 ` = 2 higher spin displacement operators
The most natural candidate for contributions to the Dˆ+ × Dˆ+ OPE are the ` = 2 higher
spin displacement operators discussed in the previous section. These operators are given by
equation (2.6).
To show that such operators do not contribute delta functions to Dˆ+ × Dˆ+, we need to
argue that their dimensions ∆n(` = 2, J) do not limit to d as n → 1. As discussed in the
previous section, the dimensions of the higher spin displacement operators are given by
∆n(`, J) = ∆J − J + `+O(n− 1). (3.6)
The anomalous dimensions have not yet been computed but we expect them to be of order
n−1, although we will not need this calculation here. The important point for us will be that
in a CFT with a twist gap, the leading order dimension of these operators is
∆n(2, J) = τJ + 2 +O(n− 1) > d (3.7)
assuming the twist of the bulk primaries satisfies τJ > d − 2. Here we are using a result on
the convexity of twist on the leading Regge trajectory for all J proven in [33]. We see that the
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bulk higher spin operators would need to saturate the unitarity bound to contribute a delta
function. Furthermore, there could be defect descendants of the form (∂iy∂iy)kDˆJ++(y). But
such operators will necessarily contribute to the OPE with larger, positive powers of |y − y′|,
hence they cannot produce delta functions.
3.4 Nonlocal defect operators
So far we have focused on the individual contribution of local defect operators and by power
counting we see that these operators cannot appear in the diagonal QNEC. At fixed n, it is
reasonable to conjecture that this list we just provided is complete. However we have not
fully concluded that something more exotic does not appear in the OPE. As discussed in the
introduction this possibility arises because the n→ 1 limit may not commute with the OPE.
Indeed, we will find evidence that something non-standard does appear in the displace-
ment OPE. In Section 5 and Section 6 we will present some computations of correlation
functions of the displacement operator for particular states and entangling surfaces. In these
specific cases we will be able to make the analytic continuation to n → 1 before taking the
OPE. In both cases, we find that the power laws as y1 → y2 are controlled by the dimen-
sions associated to non-local spin-3 light ray operators [34]. In the discussion section we will
come back to the possibility that these contributions come from an infinite tower of the local
defect operators that we have thus far enumerated. We conjecture that when this tower is
appropriately re-summed, we will find these non-standard contributions to the entanglement
entropy.
We will refer to these operators as nonlocal defect operators, and we further conjecture
that a complete list of such operators and dimensions is determined by the nonlocal J = 3
lightray operators that appear in the lightray OPE of two averaged null energy operators as
studied in [27, 35] for the CFT without a defect. In order to give further evidence for this
conjecture, in Section 5 we will compute the analytic continuation of the spectrum of operators
appearing around n = 1 in the Dˆ+× Dˆ+ OPE by computing a fourth order shape variation of
vacuum entanglement. Our answer is consistent with the above conjecture. While this relies
on a specific continuation in n (a specific choice of “state dependence”) we think this is strong
evidence that we have not missed anything.
Before studying this nonlocal contribution further, we return to the local defect contri-
bution where we would like to check that the ratio of c(n)/γ(n) for Tˆ++ obeys (3.4).
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4 Contribution of Tˆ++
In this section, we will review the first law argument which fixes the coefficient of the stress
tensor defect operator to leading order in n−1. We will then use defect methods to demonstrate
that the stress tensor does contribute with the correct ratio of c(n) and γ(n) to produce a
delta function with the right coefficient demanded by the first law. To do this, we will make
use of a slightly modified form of the usual diffeomorphism Ward identity in the presence of a
twist defect that will compute c(n)/γ(n). In Appendices C and D, we also explicitly calculate
c(n) and γ(n) separately for the stress tensor and show that they agree with the result of this
sub-section.
4.1 The First Law
A powerful guiding principle for constraining which defect operators can appear in the OPE
(3.2) is the first law of entanglement entropy. The entanglement entropy S(ρ) = −Tr[ρ log ρ],
when viewed as the expectation value of the operator − log ρ, is manifestly non-linear in the
state. The first law of entanglement says that if one linearizes the von Neumann entropy
about a reference density matrix - σ - then the change in the entropy is just equal to the
change in the expectation value of the vacuum modular Hamiltonian. Specifically it says that
δTr[ρ log ρ] = Tr[δρ log σ] (4.1)
where ρ = σ + δρ.
The case we will be interested in here is when σ is taken to be the vacuum density
matrix for the Rindler wedge. The first law then tells us that the only contributions to
〈ΣψnDˆ+(y)Dˆ+(y′)〉 that are linear in the state as n→ 1 must come from the shape variations
of the vacuum modular Hamiltonian.
The second shape derivative of the Rindler wedge modular Hamiltonian is easy to compute
from the form of the vacuum modular Hamiltonian associated to generalized Rindler regions
[4, 36–38]. Defining ∆ 〈HσR〉ψ = −Tr[ρR log σR] + Tr[σR log σR] to be the vacuum subtracted
modular Hamiltonian for a general region R bounded by a cut of the x− = 0 null plane, then
we have the simple universal formula
δ2∆ 〈HσR〉ψ
δX+(y)δX+(y′)
=
2pi
~
〈T++〉ψ δ(d−2)(y − y′). (4.2)
This is a simple but powerful constraint on the displacement operator OPE; it tells us
that the only operator on the defect which is manifestly linear in the state as n → 1 and
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appears in Dˆ+ × Dˆ+ at n = 1 is the stress tensor defect operator
Tˆ++ =
∮
dz¯
z¯|z|γn
n−1∑
j=0
T
(j)
++(|z|2/z¯, z¯). (4.3)
Thus, any other operator which appears in the OPE around n = 1 must contribute in a man-
ifestly non-linear fashion. Examining the list of local defect operators discussed in Section 3
the only operators that are allowed by the above argument, aside from Tˆ++, are the higher
spin displacement operators. As shown in [9] the limit n→ 1 of the expectation value of these
operators give a contribution that is non-linear in the state.
We will return to these state dependent operators in later sections. Now we check that
indeed the stress tensor contributes with the correct coefficient.
4.2 Using the modified Ward identity
In Appendix A, we prove the following intuitive identity:∫
dd−2y′〈Σ0nDˆ+(y′)Dˆ+(y)T−−(w, w¯, 0)〉 = −∂w¯〈Σ0nDˆ+(y)T−−(w, w¯, 0)〉. (4.4)
We now show that the identity (4.4) allows us to compute the stress tensor contribution
to the Dˆ+ × Dˆ+ OPE, which can be written as:
Dˆ+(y)Dˆ+(y
′) ⊃ c(n)|y − y′|d−2−γ(n) Tˆ++(y) + . . . (4.5)
where we have focused on the Tˆ++ contribution and the ellipsis stand for the defect descendants
of Tˆ++. We are free to ignore other defect primaries since they get projected out by the
T−−(w, w¯, 0) insertion in (4.4). Of course, since (4.4) involves a y integral, one might worry
that we are using the OPE outside its radius of convergence. For now, we will follow through
with this heuristic computation using the OPE. At the end of this subsection, we will say a
few words about why this is justified.
Inserting (4.5) into (4.4) and ignoring the descendants, we find∫
dd−2y′
c(n)
|y − y′|d−2−γ(n) 〈Σ
0
nTˆ++(y)T−−(w, w¯, 0)〉 =
c(n)
γ(n)
Sd−3 〈Σ0nTˆ++(y)T−−(w, w¯, 0)〉
(4.6)
where Sn is the area of the unit n-sphere. We can write Tˆ++(y) in terms of T++ integrated
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around the defect:
Tˆ++(y) = − 1
2pii
n−1∑
k=0
∮
dz¯
z¯|z|γ(n)T
(k)
++(|z|2/z¯, z¯, y) (4.7)
We now take the n→ 1 limit of equation (4.4). Since the right hand side starts at order
(n− 1), we see that c(n) must begin at one higher order in n− 1 than γ(n). Generically we
expect γ(n) to begin at order n− 1 and in Appendix D we will see that it does. We thus get
the relation
c(2)
γ(1)
〈Σ01Tˆ++(y)T−−(w, w¯, 0)〉 = −∂n
∣∣
n=1
∂w¯ 〈Σ0nDˆ+(y)T−−(w, w¯, 0)〉 (4.8)
where c(n) = c(1)(n− 1) + c(2)(n− 1)2 + ... and γ(n) = γ(1)(n− 1) + ... .
At n = 1, 〈Σ01Tˆ++(y)T−−(w, w¯, 0)〉 is just the usual stress tensor 2-point function. More-
over, we can evaluate the right hand side of (4.4) at order (n−1) by following the steps leading
up to eq. (3.31) of [9]. This leads to
∂w¯〈Dˆ+(y)T−−(w, w¯, 0)〉
∣∣∣
|w|→0
= i(n− 1)
∮
dz¯ ∂w¯
(∫ −∞
0
dλ λ2
(λ− 1)2
cT y
4
4(ww¯ − wz¯λ+ y2)d+2
)∣∣∣∣
|w|,|z|→0
= −2pi(n− 1)cT
4
y−2d (4.9)
We are then left with the following expressions for c1 and c2:
c(2) =
2piγ(1)
Sd−3
, c(1) = 0 (4.10)
This is exactly what is needed in order to write (4.5) near y = y′ as Dˆ+(y)Dˆ+(y′) ⊃ δ(d−2)(y−
y′)Tˆ++(y).
We now comment on the justification for using the Dˆ+ × Dˆ+ OPE. Since the left hand
side of (4.4) involves a y integral over the whole defect, one might worry that the we have
to integrate outside the radius of convergence for the Dˆ+ × Dˆ+ OPE. We see, however, that
the y integral produces an enhancement in (n − 1) only for the T++ primary. In particular,
this enhancement does not happen for the descendants of T++. This suggests that if we were
to plug in the explicit form of the defect-defect-bulk 3 point function into equation (4.4) we
would have seen that the (n − 1) enhancement comes from a region of the y integral where
Dˆ+ and Dˆ+ approach each other. We could then effectively cap the integral over y so that it
only runs over regions where the OPE is convergent and still land on the same answer. As a
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check of our reasoning, in Appendices C and D, we also compute the c(n) and γ(n) coefficients
separately and check that they have the correct ratio.
5 Higher order variations of vacuum entanglement
In this section, we return to the possibility mentioned in Section 3.4 that something non-
standard might appear in the displacement operator OPE. The authors of [9] argued that
they had found a complete list of all local defect operators. This leaves open the possibility
that the n → 1 limit behaves in such a way that forces us to re-sum an infinite number of
defect operators. In this Section and the next, we will find evidence that indeed this does
occur. We will also give evidence that we have found a complete list of such nonlocal operators
important for the Dˆ+ × Dˆ+ OPE. In interacting theories with a twist gap this list does not
include an operator with the correct dimension and spin that would contribute a delta function
and violate saturation.
To get a better handle on what such a re-summed operator might be, we turn to explicitly
computing the spectrum of operators in the Dˆ × Dˆ OPE. To do this, we consider the defect
four point function
Fn(y1, y2, y3, y4) = 〈Σ0nDˆ+(y1)Dˆ+(y2)Dˆ−(y3)Dˆ−(y4)〉 . (5.1)
We will consider configurations where |y1 − y2| = |y3 − y4| are small but |y1 − y4| is large.
With these kinematics, we can use the Dˆ× Dˆ OPE twice and re-write the four point function
as a sum over defect two point functions
Fn =
∑
O,O′
cO++(n)cO
′
−−(n) 〈Σ0nOˆ++(y2)Oˆ′−−(y4)〉
|y1 − y2|2(d−1)+∆ˆOn |y3 − y4|2(d−1)+∆ˆO′n
(5.2)
where O,O′ denote the local defect primaries and their descendants appearing in Dˆ× Dˆ. We
immediately see that by examining the powers of |y1−y2| appearing in Fn, we can read off the
spectrum of operators we are after. That is, at least before taking the limit n→ 1. We have
not attempted to compute the OPE coefficients explicitly for all the local defect operators.
This is left as an important open problem that would greatly clarify some of our discussion,
but this is beyond the scope of this paper.
If we assume that the n→ 1 limit commutes with the OPE limit y1 → y2 we can now find
a contradiction. To see this contradiction, we can compute limn→1Fn in an alternate manner
holding y1, y2 fixed and compare to (5.2). The main result we will find is that the divergences
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in |y1− y2| appear to arise from defect operators of dimension ∆J∗ − J∗+ 2 where J∗ = 3 and
∆J∗ is defined by analytically continuing the dimensions in (3.6) to odd J (recall that (3.6)
was only considered for even spins previously.) Generically we do not expect these particular
dimensions to appear in the list of operator dimensions of the local defect operators that we
enumerated. However we conjecture that by including such operator dimensions we complete
the list of possible powers that can appear in the displacement OPE at n = 1.
This discussion further suggests that the final non-local defect operator that makes the
leading contribution beside T++ should be an analytic continuation in spin of the local higher
spin displacement operators. We will come back to this possibility in the discussion.
We now turn to computing Fn without using the defect OPE. In Appendix E, we explicitly
do the analytic continuation of Fn, but here we simply state the answer. We find that Fn
takes the form
Fn ∼ (n− 1)
∫
dse−s
〈
T−−(x+ = 0, x− = −1, y3)Eˆ+(y1)Eˆ+(y2)T−−(x+ = 0, x− = −e−s, y4)
〉
+O ((n− 1)2) , (5.3)
which can also be written as:
Fn ∼ (n− 1)
〈
E−(y3)Eˆ+(y1)Eˆ+(y2)E−(y4)
〉
volSO(1, 1)
. (5.4)
The later division by the infinite volume of the 1 dimensional group of boosts is necessary to
remove an infinity arising from an overall boost invariance of the four light-ray integrals. See
for example [39]. The un-hatted E− operators represent half averaged null energy operators,
integrated from the entangling surface to infinity. Similar modifications to light-ray operators
were used in [35] in order to define their correlation functions and it is necessary here since
otherwise the full light-ray operator would annihilate the vacuum.
We see that the effect of two Dˆ+ insertions was to create two Eˆ+ insertions in the limit
n→ 1. Thus considering the OPE of two displacement operators leads us to the OPE of two
null energy operators. This object was studied in [27] and more recently [35]. These authors
found that the two averaged null energy insertions can be effectively replaced by a sum over
spin 3 “light-ray" operators, one for each Regge trajectory. In other words,
Eˆ+(y1)Eˆ+(y2) ∼
∑
i
ciOˆi(y2)
|y1 − y2|2(d−2)−τ
i
even,J=3
(5.5)
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Figure 2. The answer for the defect four point function Fn upon analytic continuation to n = 1. We
find that there are two insertions of half-averaged null energy operators, E−, as well as two insertions
of Eˆ+. Note that strictly speaking, in (5.3), the half-averaged null energy operators are inserted in the
right Rindler wedge, but by CRT invariance of the vacuum, we can take the half-averaged null energy
operators to lie in the left Rindler wedge instead, as in the figure.
where τ ieven,J=3 is the twist of the even J primaries on the ith Regge trajectory analytically
continued down to J = 3. A delta function can appear in this expression if τ ieven,J=3 = d− 2,
i.e. if the dimensions saturate the unitarity bound.
Using the recent results in [33] again, we know that the twists on the leading Regge
trajectory obey dτ(J)dJ ≥ 0 and d
2τ(J)
dJ2
≤ 0. Since the stress tensor saturates the unitarity
bound, for a theory with a twist gap we know that τ ieven,J=3 > d − 2, therefore there cannot
be a delta function in y1 − y2. By the previous discussion then, formula (5.3) suggests that
there are no extra operators besides the stress tensor that produce a delta function. To give
further evidence for this we next explicitly work out another case where we can compute the
n→ 1 limit before we do the OPE and we find the same spectrum of operators.
6 Near Vacuum States
We have just seen that the OPE of two displacement operators appears to be controlled by
defect operators of dimension ∆J=3 − 1. As a check of this result, we will now independently
compute the second variation of the entanglement entropy for a special class of states. In these
states, we will again see the appearance of the OPE of two null energy operators Eˆ+(y)Eˆ+(y′).
This again implies a lack of a delta function for theories with a twist gap.
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This computation is particularly illuminating in the case of free field theory where we can
use the techniques of null quantization (see Appendix F for a brief review). Null quantiza-
tion allows us to reduce a computation in a general state of a free theory to a near-vacuum
computation. In this way we will also reproduce the computations in [8] using a different
method.
The state we will consider is a near vacuum state reduced to a right half-space
ρ(λ) = σ + λδρ+O(λ2) (6.1)
where σ is the vacuum reduced to the right Rindler wedge. We can imagine ρ(λ) as coming
from the following pure state reduced to the right wedge
|ψ(λ)〉 =
(
1 + iλ
∫
drdθdd−2yg(r, θ, y)O(r, θ, y)
)
|Ω〉+O(λ2) (6.2)
where (r, θ, y) are euclidean coordinates centered around the entangling surface and
O(r, θ, y) = exp (iHσRθ)O(r, 0, y) exp (−iHσRθ) (6.3)
where HσR is the Rindler Hamiltonian for the right wedge.
From this expression for |Ψ(λ)〉, we have the formula
δρ = σ
∫
drdθdd−2yf(r, θ, y)O(r, θ, y) (6.4)
where
f(r, θ, y) = i (g(r, θ, y)− g(r, 2pi − θ, y)∗) . (6.5)
Note that f obeys the reality condition f(r, θ, y) = f(r, 2pi − θ, y)∗.
We are interested in calculating the shape variations of the von-Neumann entropy. To this
aim, since the vacuum has trivial shape variations we can compute the vacuum-subtracted
entropy ∆S instead. We start by using the following identity
∆S = Tr ((ρ(λ)− σ)Hσ)− Srel(ρ(λ)|σ). (6.6)
We can now obtain ∆S to second order in λ. The vacuum modular Hamiltonian of the Rindler
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wedge is just the boost energy
Tr [(ρ(λ)− σ)Hσ] =
∫
dd−2y
∫
dvvTr [ρ(λ)T++(u = 0, v, y)] (6.7)
where the computation of Srel(ρ(λ)|σ) was done in Appendix B of [40]. There it was demon-
strated that
Srel(ρ(λ)|σ) = −λ
2
2
∫
ds
4 sinh2( s+i2 )
Tr
[
σ−1δρσ
is
2pi δρσ
−is
2pi
]
+O(λ3) (6.8)
For a pure state like (6.2), we can instead write the above expression as a correlation
function
Srel(ρ|σ) = −λ
2
2
∫
dµ
∫
ds
4 sinh2( s+i2 )
〈O(r1, θ1, y1)eisKˆO(r2, θ2, y2)〉 (6.9)
where we have used the shorthand∫
dµ =
∫
dr1,2dθ1,2d
d−2y1,2f(r1, θ1, y1)f(r2, θ2, y2) (6.10)
and Kˆ = HσR−HσL is the full modular Hamiltonian associated to Rindler space. This formula
(6.9) and generalizations has been applied and tested in various contexts [41–44]. Most of
these papers worked with perturbations about a state and a cut with associated to a modular
Hamiltonian with a local flow such as the Rindler case. However it turns out that this formula
can be applied more widely where Kˆ need not be local.3
We can thus safely replace the Rindler Hamiltonian in (6.9) with the Hamiltonian associ-
ated to an arbitrary cut of the null plane. This allows us to take shape deformations directly
from (6.9); by using the algebraic relation for arbitrary-cut modular Hamiltonians [38]
e−iKˆ(X
+)seiKˆ(0)s = ei(e
s−1) ∫ dy ∫ dx+X+(y)T++(x+) (6.11)
we have
δ2Srel(ρ|σ)
δX+(y)δX+(y′)
=
λ2
2
∫
dµ
∫
dses〈O(r1, θ1, y1)E+(y)E+(y′)eisKˆ(X+)O(r2, θ2, y2)〉 (6.12)
3The only real subtlety is the angular ordering of the insertion of O in Euclidean. This can be dealt with
via an appropriate insertion of the modular conjugation operator - a detail that does not affect the final result.
We plan to work out these details in future work.
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Figure 3. For near vacuum states, the insertions of displacement operators limit to two insertions of
the averaged null energy operators Eˆ+.
where the states ρ, σ depend implicitly on X+(y).4 Notice that upon taking the variations
the double poles in the 1/ sinh2(s/2) kernel of (6.8) were precisely canceled by the factors of
es − 1 in the exponent of equation (6.11).
This equation is the main result of this section. We see that taking shape derivatives of
the entropy can for this class of states be accomplished by insertions of averaged null energy
operators. This helps to explain the appearance and disappearance of extra delta functions
as we change the coupling in a CFT continuously connected to a free theory. For example, in
a free scalar theory, one can show that the OPE contains a delta function,
Eˆ+(y)Eˆ+(y′) ⊃ δd−2(y − y′). (6.13)
This is consistent with the findings of [5] where this extra delta function contribution to the
QNEC was computed explicitly. To this aim, in Appendix F, we explicitly reproduce the
answer in [5] using the above techniques.
4Note the similarity between (6.12) and (E.6). This is because one can view the defect four point function
in (5.3) as going to second order in a state-deformation created by stress tensors with a particular smearing
profile.
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7 Discussion
In this discussion, we briefly elaborate on the possible origin of the non-local operators whose
dimensions we found in the displacement operator OPE considered in Sections 5 and 6. As
mentioned in the main text, the appearance of new operators is a bit puzzling since the authors
in [9] found a complete set of defect operators as n → 1. In other words, at fixed n > 1, it
should in principle be possible to expand these new operators as a (perhaps infinite) sum of
` = 2 defect operators.
In particular, we expect them to be representable as an infinite sum over the higher spin
displacement operators. We believe that it is necessary to do such an infinite sum before
taking the n→ 1 limit, which entails that the OPE and replica limits do not commute. This
is why [9] did not find such operators. It also seems, given the non-trivial re-derivation of
the results in [9] using algebraic tecniques in [14], that these new non-local defect operators
are not necessary for the limit n→ 1 limit of the bulk to defect OPE used in [9] to compute
modular flow correlation functions.
We give the following speculative picture for how the nonlocal defect operators might
arise:
Dˆ+(y1)Dˆ+(y2) =
cJ=2(n)Tˆ++
|y1 − y2|2(d−1)−∆J=2n
+
∞∑
J=3
cJ(n)Dˆ
(J)
++
|y1 − y2|2(d−1)−∆Jn
(7.1)
where we have suppressed the contribution of defect descendants. The latter sum in (7.1)
comes from the spin 2 displacement operators that come from the spin J CFT operator. This
is a natural infinite class of operators that one could try to re-sum should that prove necessary.
In our calculations, we did not see any powers in |y1 − y2| that could be associated to
any individual higher spin displacement operator (as in the second term in (7.1)). Instead,
in Section 5 and Section 6 after taking the n→ 1 limit we observed dimensions that did not
belong to any of the known local defect operators. One possibility is that the higher spin
operators in (7.1) re-sum into a new term that has a non-trivial interplay with the n → 1
limit. One way this might happen is if the OPE coefficients of the higher spin displacement
operators take the form
cJ=2k(n) ∼ 1
(J − 3)(n− 1)J−3 (7.2)
so that they diverge as n approaches 1. Such a divergent expansion is highly reminiscent of
the Regge limit for four point functions where instead the divergence appears from the choice
– 23 –
of kinematics. This pattern of divergence where the degree increases linearly with spin can be
handled using the Sommerfeld-Watson trick for re-summing the series. The basic idea is to
re-write the sum as a contour integral in the complex J-plane. One then unwraps the contour
and picks up various other features depending on the correlator.
Our conjecture in (7.2) is that the other features which one encounters upon unwrapping
the J contour is quite simple: there is just one pole at J = 3. Upon unwrapping the contour
in the J-plane, we pick up the pole at J = 3, which suggests that indeed these new divergences
in |y1 − y2| are associated to operators which are analytic continuations in spin of the higher
spin displacement operators. In this way we would reproduce the correct power law in |y1−y2|
as predicted for near vacuum states.
Note that this needs to be true for any CFT - not just at large N or large coupling. The
universality of this presumably comes from the universality of three point functions. Indeed,
one can try to compute these OPE coefficients. We should consider the following three point
function:
〈Σ0nDˆ+(y1)Dˆ+(y2)Dˆ(J)−−(y3)〉 ∼
cJ(n) 〈Σ0nDˆ(J)++(y2)Dˆ(J)−−(y3)〉
|y1 − y2|2(d−1)−∆ˆn(J)
(7.3)
Via calculations based on the results in Appendix B, we find the three point function
above in the the replica limit is:
∼ (n− 1)
∮
dwwJ−3 〈J−...−(w, w¯ = 0, y3)Eˆ+(y1)E+(y2)〉+O((n− 1)2). (7.4)
Naively, the full null energy operator Eˆ+(y1) commutes with the half null energy operator
E+(y2) and one can use the fact that Eˆ+(y1) |Ω〉 = 0 to conclude that cJ(n = 1) vanishes.
This seems to be incorrect however due to a divergence that arrises in the null energy integrals.
Rather we claim that this coefficient diverges. The way to see this is to write
〈J−...−(w, w¯ = 0, y3)Eˆ+(y1)E+(y2)〉 =∫ ∞
−∞
dx+1
∫ ∞
0
dx+2 〈J−...−(w, w¯ = 0, y3)T++(0, x+1 , y1)T++(0, x+2 , y2)〉 . (7.5)
We can now attempt to apply the bulk OPE between the two T++’s which in these kinematics
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must become5
T++(x
− = 0, x+1 , y1)T++(x
− = 0, x+2 , y2) =
∞∑
J=2
(x+12)
J−4J J+...+(x+2 , y2)
|y1 − y2|2(d−1)−∆ˆ1(J)
+ (descendants).
(7.6)
where ∆ˆ1(J) = ∆J − J + 2. Plugging (7.6) into (7.5) and re-labeling x1 → λ1x2, we see that
for even J ≥ 3, the λ1 integral has an IR divergence
One can cut-off the integral over λ1 at some cutoff Λ. The answer will then diverge like(∫ Λ
−Λ
dλ1 λ
J−4
1
)
|y1 − y2|2(d−1)−∆ˆ1(J)
×
∫ ∞
0
dx2x
J−3
2 〈J−...−(w, w¯ = 0, y3)J+...+(z = 0, z¯ = x+2 , y2)〉
∼ Λ
J−3
J − 3
∫ ∞
0
dx2 x
J−3
2 〈J−...−(w, w¯ = 0, y3)J+...+(z = 0, z¯ = x+2 , y2)〉 ×
1
|y1 − y2|2(d−1)−∆ˆ1(J)
.
(7.7)
The J − J correlator on the right is precisely the order n− 1 piece in 〈Σ0nDˆJ++Dˆ(J)−−〉 so
we find that the OPE coefficient scales like c(n = 1) ∼ ΛJ−3J−3 .
Since Λ is some auxiliary parameter, it is tempting to assign Λ ∼ 1/(n − 1); we then
find the conjectured behavior in (7.2). This is ad hoc and we do not have an argument for
this assignmennt, except to say that the divergence is likely naturally regulated by working
at fixed n close to 1. This is technically difficult so we leave this calculation to future work.
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A Modified Ward identity
In this Appendix, we prove the following identity:∫
dd−2y′〈Σ0nDˆ+(y′)Dˆ+(y)T−−(w, w¯, 0)〉 = −∂w¯〈Σ0nDˆ+(y)T−−(w, w¯, 0)〉. (A.1)
This is similar to the defect CFT ward identity of [23] except there is another insertion of
the displacement operator. A priori it is not obvious that some form of the Ward identity
carries through in the case where more than one operator is a defect operator. We will argue
essentially that the second insertion of a Dˆ+ just comes along for the ride.
To show this, first we write the displacement operator as a stress tensor integrated around
the defect:
Dˆ+(y) = i
∮
dz¯ T++(0, z¯, y) (A.2)
where we have suppressed the sum over replicas to avoid clutter. We will then argue that the
following equality holds
i lim
ε→0
∮
ε>|z¯|
dz¯
∫
|y−y′|>
dd−2y′〈Σ0nDˆ+(y′)T++(0, z¯, y)T−−(w, w¯, 0)〉
=
∫
dd−2y′〈Σ0nDˆ+(y′)Dˆ+(y)T−−(w, w¯, 0)〉 (A.3)
for some appropriate ε > 0 that acts as the cutoff |y′ − y| > ε.
To see this, simply note that we can replace T++(0, z¯, y) by a sum over local defect
operators at y using the bulk-defect OPE. The important point is that this OPE converges
because the z¯ contour is always inside of the sphere of size ε (by construction). We can take
|z¯| to be arbitrarily small by making the size of the z¯ contour as small as we like. The z¯
integral outside now simply projects the sum onto the displacement operator since we only
consider the leading twist d − 2 operators in the lightcone limit. Explicitly, we will be left
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with
i lim
ε→0
∮
ε>|z¯|
dz¯
∫
|y−y′|>
dd−2y′〈Σ0nDˆ+(y′)T++(0, z¯, y)T−−(w, w¯, 0)〉
= lim
→0
∫
|y−y′|>
dd−2y′〈Σ0nDˆ+(y′)Dˆ+(y)T−−(w, w¯, 0)〉. (A.4)
Note that perturbatively around n = 1, the integral over |y − y′| >  will miss the delta
function contribution to the Dˆ+ × Dˆ+ OPE. Non-perturbatively away from n = 1, however,
there are no delta-function singularities in |y − y′| present in the Dˆ+ × Dˆ+ OPE. In what
follows, we must be careful to take → 0 before taking n→ 1.
Using this identity, we can view the displacement-displacement-bulk three point function
as the contour integral of a displacement-bulk-bulk three point function. We can then use
the regular displacement operator Ward identity on the latter three point function. This
Ward identity follows from general diffeomorphism invariance [23]. To do this, define the
deformation vector field
ξ(y′) = f(y′)∂+ with f(y′) = Θ(|y′ − y| − ε). (A.5)
For this deformation, the Ward identity takes the form
i
∮
ε>|z¯|
dz¯
∫
|y−y′|>
dd−2y′〈Σ0nDˆ+(y′)T++(0, z¯, y)T−−(w, w¯, 0)〉
= −f(0)∂w¯〈Σ0nDˆ+(y)T−−(w, w¯, 0)〉 − i
∮
dz¯f(y)∂z¯〈Σ0nT++(0, z¯, y)T−−(w, w¯, 0)〉
− i
∫
Mn
ddx′
∮
dz¯ 〈T++(0, z¯, y)T−−(w, w¯, 0)Tµν(x′)∂µξν(x′)〉 (A.6)
whereMn is the full replica manifold.
The second term on the right hand side of the equality vanishes because f(y) = 0. Since
f(0) = 1 by construction we just need to argue that the last term in (A.6) vanishes.
Arguing the last term vanishes
It is tempting at this stage to integrate by parts on the last term and conclude that this van-
ishes as one sends ε→ 0. Unfortunately, the last term in (A.6) can produce 1/ε enhancements
due to Ti+ operator coming ε close to T++. Therefore one must take care to first do the x′
integral and then take the ε→ 0 limit when evaluating this term.
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To do so, note that
Tµν(x′)∂µξν(x′) =
1
2
Ti+(x
′)nˆiδ(|y′ − y| − ε) (A.7)
where nˆi = (y′ − y)i/|y′ − y|. We then have the following∫
Mn
ddx′
∮
dz¯ 〈T++(0, z¯, y)T−−(w, w¯, 0)Tµν(x′)∂µξν(x′)〉
=
1
2
εd−3
∫
ρ′dρ′dθ′
∮
dz¯
∫
dd−3ϑ′ nˆi〈T++(0, z¯, y)T−−(w, w¯, 0)Ti+(|~y + ~ε|, ϑ′~ε, ρ′e−iθ
′
, ρ′e−iθ
′
)〉
(A.8)
where |~ε| = ε. In going to the second line we have done the coordinate transformation
x′+ = ρ′e−iθ′ , x′− = ρ′eiθ′ because we are in the Euclidean section, and in going to the last
line we have written y′ in spherical coordinates on the defect. At this point we can safely send
w, w¯ → 0 so that T−− is simply fixed at the origin. Then, in particular, let us focus on∫
dθ′
∮
dz¯ 〈T++(0, z¯, y)T−−(0)Ti+(|~y + ~ε|, ϑ′~ε, ρ′e−iθ
′
, ρ′e−iθ
′
)〉. (A.9)
It is easy to see that this identically vanishes from the boost weights of the quantities involved.
Specifically, T++ will yield a factor of e2iθ
′ , Ti+ will yield a factor of eiθ
′ , T−− does not have
a boost weight since it is fixed at the origin, and the measure dz¯ will yield a factor of e−iθ′ so
overall we will have
∫ 2pi
0 dθ
′eiθ′ = 0. Therefore (A.8) is zero for any ε.
Thus, the identity in (A.6) becomes
i lim
→0
∮
ε>|z¯|
dz¯
∫
|y−y′|>
dd−2y′〈Σ0nDˆ+(y′)T++(0, z¯, y)T−−(w, w¯, 0)〉
= −∂w¯〈Σ0nDˆ+(y)T−−(w, w¯, 0)〉 (A.10)
which, using (A.3), proves (A.1).
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B Analytic Continuation of a Replica Three Point Function
In this section, we analytically continue a general Zn-symmetrized three point function of the
form6
A(3)n = n
n−1∑
j=0
n−1∑
k=0
Tr
[
e−2pinHT Oa(0)Ob(τba + 2pij)Oc(τca + 2pik)
]
(B.1)
where H is the vacuum modular Hamiltonian for the Rindler wedge and T denotes Euclidean
time ordering with respect to this Hamiltonian.
Following [41], we begin by rewriting the the j-sum as as a contour integral
n
2pii
n−1∑
k=0
∮
Cb
dsb
Tr
[
e−2pinHT Oa(0)Ob(−isb)Oc(2pik + τca)
]
(esb−iτba − 1) (B.2)
where the contour Cb wraps the n poles at sb = i(2pij + τba) for j = 0, ..., n − 1. We will
now unwrap the sb contour integral in the complex plane, but will need to be careful as the
analytic structure of the integrand in (B.2) is non-trivial as a function of sb; the integrand has
poles at sb = i(2pij + τba) and light-cone branch cuts lying along the lines Im sb = 0, 2pin and
Im sb = 2pik + τca for a fixed k. The first two branch cuts were discussed in [41]. The third
(middle in the figure) branch cut arises from singularities due to Ob and Oc lying on the same
light-cone.
We can unwrap the Cb contour now so that it hugs the branch cuts as in the right-hand
panel of Figure 4. We will then be left with a sum of four Lorentzian integrals
n
2pii
n−1∑
k=0
Tr
[
e−2pinH
∫ ∞
−∞
dsb×
Oa(0)Ob(−isb + j)Oc(2pik + τca)
(esb−iτba − 1) −
Oa(0)Ob(−isb + 2piik + τca − )Oc(2pik + τca)
(esb+2piik+τca−i−iτba − 1)
+
Oa(0)Oc(2pik + τca)Ob(−isb + 2pik + τca + )
(esb+2piik+τca+i−iτba − 1) −
Oa(0)Oc(2pik + τca)Ob(−isb + 2pin− )
(esb+i2pin−i−iτba − 1)
]
,
(B.3)
where we have set 2pik+ τca = −isc since the Cc contour still wraps the poles at these values.
We now need to make a choice about how to do the analytic continuation in n. The usual
6Note that we are writing this as a thermal three point function on Hd−1 × S1, which is related to the flat
space replica answer via conformal transformation. For a review of the relevant conformal factors, which we
suppress for convenience, see [41].
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Figure 4. The analytic structure of the integral in equation (B.2) represented in the sb plane for fixed
sk = i(2pik + τca) for n = 6. The dots represent poles at sb = i(2pij + τba) and the fuzzy lines denote
light-cone branch cuts. The bottom and top branch cuts (which are identified by the KMS condition)
arise from Ob becoming null separated from Oa and the middle branch cut arises from Ob becoming
null separated from Oc. Note that in this figure, k = 3 and τca > τba > 0. We start with the contour
Cb represented by the dashed lines encircling the poles at sb = i(2pij+ τba) and unwrap so that it just
picks up contributions from the branch-cuts. Region I corresponds to the ordering OaObOc whereas
region II corresponds to OaOcOb.
.
prescription, which was advocated for in [41], is to set e2piin = 1 in the last term of (B.3). We
will follow this but also make one other choice. In the second and third terms in the integrand
of (B.3) we make the choice to set e2piik = 1 for all k = 0, ..., n− 1.
Making this analytic continuation, we can now re-write the k-sum as a contour integral
over sc along some contour Cc. Unwrapping this sc contour into the Lorentzian section, and
after repeated use of the KMS condition to push operators back around the trace, we land on
the relatively simple formula
A(3)n =
−n
4pi2
∫ ∞
−∞
dscdsb Tr
[
e−2pinH
(
[[Oa(0),Ob(−isb)],Oc(−isc)]
(esb−iτba − 1)(esc−iτca − 1) −
[Oa(0), [Ob(−isb − isc),Oc(−isc)]]
(esb+iτca−iτba − 1)(esc−iτca − 1)
)]
(B.4)
In deriving this formula, we have assumed τba > 0 and τca > 0 but we have not yet assumed
any relationship between τba and τca. This formula is the full answer. One could stop here,
but we will massage this formula into a slightly different form for future convenience. Instead
of following [41] and applying ∂n at this stage, which drops down powers of H, we will use a
slightly different (although equivalent) technique.
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Figure 5. This figure illustrates the contour shift sb → sb − iτca done at the cost of picking up the
pole at s = i(2pik + τba) when τcb = τca − τba > 0.
We first focus on re-writing the two Lorentzian integrals in region I of Figure 4 as one
double integral.
Region I
Before re-writing the k-sum as a contour integral, the integrals in region I are7
n
2pii
n−1∑
k=0
∫ ∞
−∞
dsb
(〈Oa(0)Ob(−isb)Oc(2pik + τca)〉n
(esb−iτba − 1) −
〈Oa(0)Ob(−isb + 2pik + τca − )Oc(2pik + τca)〉n
(esb+iτca−iτba − 1)
)
(B.5)
where as before we have set e2piik = 1 in the second term. The goal will be to make the
denominators in these two terms the same so that we may combine their numerators. We will
try to shift the sb contour in the second term by an amount −iτca, making sure not to cross
any poles or branch cuts. To make our lives easier, we will assume a fixed ordering of the
operators. For now, we will pick τca > τba > 0. Note that any other ordering can be reached
just by exchanging the a, b, c labels.
In this ordering, sending sb → sb− iτca crosses a pole at Im sb = 2pik+ τba. This contour
shift is illustrated in Figure 5. After doing this shift, we get
7For ease of notation, we have switched to 〈O1O2O3〉n = Tr[e−2pinHO1O2O3].
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n2pii
n−1∑
k=0
∫ ∞
−∞
dsb
(〈Oa(0)Ob(−isb)Oc(2pik + τca)〉n − 〈Oa(0)Ob(−isb + 2pik)Oc(2pik + τca)〉n
(esb−iτba − 1)
)
+ θ(τcb)× (terms with j = k). (B.6)
where we will mostly neglect the extra term coming from picking up the pole since it will not
be important for most calculations we are interested in. We will refer to these terms as the
“replica diagonal terms" since they arise from terms in the double sum over j, k in (B.1) where
j = k.
The numerator for the first term in equation (B.6) then looks like the integral of a total
derivative in some auxiliary parameter tb which we write as
−n
2pii
n−1∑
k=0
∫ ∞
−∞
dsb
∫ i2pik
0
dtb
(
d
dtb
〈Oa(0)Ob(−isb − itb)Oc(2pik + τca)〉n
(esb−iτba − 1)
)
. (B.7)
Since tb shows up on equal footing with sb in the numerator, we see we can re-write the
derivative in tb as one in sb. Integrating by parts and dropping the boundary terms8, we get
−n
2pii
n−1∑
k=0
∫ ∞
−∞
dsb
∫ i2pik
0
dtb
〈Oa(0)Ob(−isb − itb)Oc(2pik + τca)〉n
4 sinh2((sb − iτba)/2)
. (B.8)
We are now ready, as above, to turn the sum over k into a contour integral over some
Lorentzian parameter sc. We can then execute the same trick as before: we re-write two terms
as the boundary terms of one integral in some new auxiliary parameter tc. After all of this,
the answer we find is the relatively simple result for region I
region I =
−n
4pi2
∫ ∞
−∞
dscdsb
∫ i2pi(n−1)
0
dtc
∫ sc+tc
0
dtb
〈Oa(0)Ob(−isb − itb)Oc(−isc − itc + τca)〉n
16 sinh2((sb − iτba)/2) sinh2((sc − i)/2)
+ θ(τcb)× (terms with j = k). (B.9)
Note that the quadruple integral term is manifestly order n − 1 because of the limits on the
tc integral.
8We will drop boundary terms at large Lorentzian time everywhere throughout this discussion, as we
expect thermal correlators to fall off sufficiently quickly [41].
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Region II
In region II of Figure 4, the calculations are exactly analogous, except now the ordering of
the operators is different. We find that (up to terms that again come from picking up specific
poles) the answer for region II is
region II =
−n
4pi2
∫ ∞
−∞
dscdsb
∫ i2pi(n−1)
0
dtc
∫ i2pin
sc+tc+i2pi
dtb
〈Oa(0)Oc(−isc − itc + τca)Ob(−isb − itb)〉n
16 sinh2((sb − iτba)/2) sinh2((sc − i)/2)
+ θ(τbc)× (terms with j = k). (B.10)
Combining Regions I and II
Adding the Region I and Region II contributions, we get for the non-replica diagonal contri-
butions to A(3)n
n
4pi2
∫ ∞
−∞
dscdsb
∫ i2pi(n−1)
0
dtc
∫ sc+tc
0
dtb
〈[Ob(−isb − itb),Oa(0)]Oc(−isc − itc + τca)〉n
16 sinh2((sb − iτba)/2) sinh2((sc − i)/2)
+
n
4pi2
∫ ∞
−∞
dscdsb
∫ i2pi(n−1)
0
dtc
∫ sc+tc+i2pi(1−n)
sc+tc
dtb
〈Ob(−isb − itb)Oa(0)Oc(−isc − itc + τca)〉n
16 sinh2((sb − iτba)/2) sinh2((sc − i)/2)
(B.11)
where we used the KMS condition to push Ob around to the left of Oa in (B.10). We then
split the tb contour in (B.10) into two pieces, one purely Lorentzian integral from tb = 0 to
tb = sc+ tc and another purely Euclidean integral from tb = sc+ tc to tb = sc+ tc+2pii(n−1).
Again, this is the full answer for the replica three point function, A(3)n , at all n excluding the
replica diagonal terms.
From this we can compute the leading order in n correction to the three-point function
(dropping the diagonal terms). Taking an n-derivative and setting n→ 1, the total correction
is
A(3)n ∼
i(n− 1)
2pi
∫ ∞
−∞
dscdsb
∫ sc
0
dtb
〈[Ob(−isb − itb),Oa(0)]Oc(−isc + τca)〉1
16 sinh2((sb − iτba)/2) sinh2((sc − i)/2)
+ (replica diagonal terms) +O ((n− 1)2) . (B.12)
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Replica Diagonal Terms
For future reference, we now list the replica diagonal (or j = k) terms that we have suppressed.
In the order we considered above, we have
nθ(τcb)θ(τba)
n−1∑
k=0
〈Oa(0)Ob(2pik + τba)Oc(2pik + τca)〉n
= nθ(τcb)θ(τba)
(
〈Oa(0)Ob(τba)Oc(τca)〉n−
1
2pii
∫ i2pin
i2pi
dtc
∫ ∞
−∞
dsc
〈Oa(0)Ob(−isc − itc − τcb)Oc(−isc − itc)〉n
4 sinh2((sc − iτca)/2)
)
. (B.13)
Again, other orderings can be found just by swapping the a, b, c labels accordingly. Note that
at n = 1, the integral term vanishes and the answer reduces to the angular ordered three-point
function as expected.
C Explicit Calculation of c(2)
In this section, we compute the OPE coefficient of Tˆ++ in the Dˆ+ × Dˆ+ OPE. This requires
us to compute the twist defect three point function 〈Σ0nDˆ+Dˆ+Tˆ−−〉. As described around
equation (A.3), the appearence of a delta function in the Dˆ+ × Dˆ+ OPE requires that the
coefficient cn for Tˆ−− must be at least of order (n− 1)2 near n = 1. We now show that this is
indeed true. In the next section, we will explicitly compute the anomalous dimension of Tˆ−−
and show that it behaves as gn ∼ γ(1)(n − 1) + O((n − 1)2). We will finally show that their
ratio obeys the relation
c(2)/γ(1) = 2pi/Sd−3 (C.1)
as required by the first law of entanglement entropy.
The three point function we are after, at integer n, takes the form
〈Σ0nTˆ−−(y′)Dˆ+(y)Dˆ+(y = 0)〉 (C.2)
= −
∮
dz¯
∮
dw¯
∮
du
2piiu
〈Σ0nT−−(u, u¯ = 0, y′)T++(z = 0, z¯, y)T++(w = 0, w¯, 0)〉
where it is understood that all the stress tensor operators should be Zn symmetrized. Our goal
is now to analytically continue this expression in n and then expand around n = 1. We can turn
to the previous section for this result, letting Oa = T++(w = 0, w¯, 0), Ob = T++(z = 0, z¯, y)
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and Oc = T−−(u, u¯ = 0, 0).
Just as in Section 5, a major simplification occurs for this correlator; the two displacement
operators are space-like separated from each other, so they commute even upon analytic
continuation. Thus, any terms with commutators between Oa and Ob in the previous section
drop out.
Furthermore, the so-called “replica diagonal" terms in the previous section will also vanish.
This is because they do not contain enough s-integrals that produce necessary poles in z¯ and
w¯. Thus, these terms vanish upon the contour integration over z¯ and w¯ in (C.2).
These considerations together with equation (B.11) of the previous section make it clear
that the correlator in (C.2) vanishes up to order (n− 1)2. Indeed, the only surviving contri-
bution is the second term in (B.11). Expanding that to second order while being careful to
account for the spin of the stress tensors, we find
〈Σ0nTˆ−−Dˆ+Dˆ+〉n =
−(n− 1)2
2
∮
dz¯dw¯
du
2piiu
∫ ∞
0
∫ ∞
0
dλbdλcλ
2
bλ
2
c
〈T++(z¯λb, y)T++(w¯λc)T−−(u, y′)〉
(λb − 1− i)2(λc − 1 + i)2 +O((n− 1)
3).
(C.3)
Rescaling λb → λb/z¯ and λ→ λc/w¯, we can then expand the denominators in small z¯, w¯
and perform the residue projections in z¯, w¯ and u. The final answer is the simple result
〈Σ0nTˆ−−Dˆ+Dˆ+〉 = 2pi2(n− 1)2 〈E+(y)E+(y = 0)T−−(u = 0, y′)〉+O((n− 1)3). (C.4)
where E+(y) is the half-averaged null energy operator
E+(y) =
∫ ∞
0
dλT++(z = 0, λ, y) (C.5)
We now set about computing this correlator. Expanding the stress tensor three point
function in a general CFT into the free field basis, we have
〈TTT 〉 = ns 〈TTT 〉s + nf 〈TTT 〉f + nv 〈TTT 〉v (C.6)
where ns, nf and nv are charges characterizing the specific theory.
One can demonstrate that the only non-vanishing contribution from these three terms is
from the scalar three point function. The way to see this is as follows. The fermion term
can be computed by considering a putative free Dirac fermion theory with field ψ. The stress
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tensor looks like T++ ∼ ψ¯Γ+∂+ψ. Then we can compute the 〈TTT 〉 three point function via
Wick contractions. There will always be at least one Wick contraction between operators in
each T++. The kinematics of these operators ensure that such a contraction vanishes because
they are both on the same null plane.9
The same argument can be made for the vector fields. In fact, the only reason that the
scalar contribution doesn’t vanish is because of the presence of a total derivative term in the
conformal stress tensor, namely T++ ⊃ − d−24(d−1)∂2+ :φ2 :. One can then show that the only
non-vanishing term is
〈E+(y)E+(0)T−−(y′)〉 = 4ns(d− 2)
(d− 1)3
1
|y|d−2|y′|2d . (C.7)
Dividing by the two point function 〈T++(0)T−−(y′)〉 = cT4|y′|2d , we find
c(2) =
32pi2ns(d− 2)
cT (d− 1)3 . (C.8)
We now turn to computing the anomalous dimension γ(1) for the stress tensor operator Tˆ on
the defect.
D Explicit Calculation of γ(1)
In this section, we will follow the steps laid out in [9] for computing the spectrum of defect
operators and associated anomalous dimension induced by the bulk stress tensor. To do this,
we must compute
n
n−1∑
j=0
〈Σ0nT−−(w, 0, y)T++(0, z¯, 0)〉 . (D.1)
To leading order in n − 1 this expression takes the form of a sum of two terms, a “modular
energy" piece and a “relative entropy" piece
(∂n − 1) 〈Σ0nTˆ−−Tˆ++〉 |n=1 = (−2pi 〈HT−−(w, 0, y)T++(0, z¯, 0)〉
−
∫ −∞
0
dλ
λ2
(λ− 1 + i)2 〈T−−(w, 0, y)T++(0, z¯λ, 0)〉
)
(D.2)
9Actually these contractions will be proportional to a delta function δd−2(y) but we are assuming the three
stress tensors sit at different y’s.
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We will try to extract the anomalous dimensions and spectra of operators by examining
the two point function of the defect stress tensor. In this framework, the signal of an anomalous
dimension is a logarithmic divergence. As explained in [9], the log needs to be cutoff by z¯w/y2
or zw¯/y2. In fact, there will be two such logarithms that will add to make the final answer
single-valued on the Euclidean section.
We are thus tasked with looking for all of the terms containing log divergences in (D.2).
Since the modular Hamiltonian is just a local integral of the stress tensor
H =
∫
dd−2y′
∫ ∞
0
dx+x+T++(x
− = 0, x+, y′) (D.3)
then the first term on the r.h.s. of (D.2) is a stress tensor three point function. Following
the method of the previous section, we can then break up (D.2) into the free field basis. This
determines both terms on the r.h.s of (D.2) in terms of charges ns, nf and nv. This allows us to
instead compute the answer in a theory of free massless scalars, fermions and vectors. While
this might seem like three times the work, it actually illuminates why gn is only dependent
on ns. We start by examining the case of a free scalar and will see why the free fermion and
free vector terms do not contribute to gn.
Spectrum induced by free scalar
This spectrum of φ(z, z¯, y) was analyzed in [22]. The authors found that the leading twist
defect primaries are all twist one (in d = 4) and have dimension independent of n. As noted
in Appendix C of that work, this can be understood in any dimension from the fact that φ is
annihilated by the bulk Laplacian. This constraint - for defect primaries - enforces holomor-
phicity in z, z¯ of the bulk-defect OPE which translates to a lack of anomalous dimensions. For
free fermions and vectors, the same argument goes through since their two point functions are
also annihilated by the Laplacian.
One might be confused because the anomalous dimension for scalar operators of dimension
∆ was computed in [9] and found to be non-zero for operators of dimension ∆ = d−22 . This
discrepancy has to do with a subtlety related to the extra boundary term in the modular
Hamiltonian for free scalars. This discrepancy is related to the choice of the stress tensor -
the traceless, conformal stress tensor vs. the canonical stress tensor.
The authors of [22] worked with canonical free fields, for which the stress tensor is just
T canonical++ = ∂+φ∂+φ. Indeed if one inserts the canonical stress tensor into the modular
Hamiltonian in equation (3.20) of [9], then the anomalous dimension vanishes. On the other
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hand, if one uses the conformal stress tensor, T conformal++ = : ∂+φ∂+φ :− (d−2)4(d−1)∂2+ :φ2 :, then
anomalous dimension for φ is given by [9].
This discrepancy thus amounts to a choice of the stress tensor. Note that this is special to
free scalars and does not exist for free fermions and vectors since there are no dimension d−2
scalar primaries in these CFTs. This proves that if one works with canonical free fields, there
should be no anomalous dimension for the defect operators induced by the fundamental fields
φ, ψ and Aµ. This is enough to prove that the defect primary induced by the canonical bulk
stress tensor must also have zero anomalous dimension since this is just formed by normal-
ordered products of the defect primaries induced by the bulk fundamental fields.
Back to the stress tensor
The upshot is that we only need to worry about the terms in (D.2) proportional to ns.
Furthermore, we only need to worry about terms in the 〈HTT 〉 term that involve the boundary
term of the modular Hamiltonian. This reduces the expression down to the term
〈HTT 〉 ⊃ − (d− 2)
4(d− 1)
∫
dd−2y 〈:φ2 :T++(0, z¯, y)T−−(w, 0, 0)〉 . (D.4)
A simple calculation shows that the only contractions that give log divergences come from
〈HTT 〉 ⊃ ns(d− 2)
2
4(d− 1)2
∫
dd−2y′ 〈φ(0, 0, y′)φ(0, 0, 0)〉 〈φ(0, 0, y′)∂2z¯φ(0, z¯, 0)T−−(0, 0, y)〉
= −nsc
3
φφd(d− 2)4
16(d− 1)3
∫
dd−2y′
1
|y′|d−2|y − y′|d−2|y|d+2 . (D.5)
This integral has two log divergences coming from y′ = 0 and y′ = y, however they can be
regulated by fixing z, z¯ and w, w¯ away from zero. The two singularities just add to make the
final answer single valued under rotations by 2pi about the defect as in [9]. We thus find
〈HTT 〉 ⊃ − ns
c3φφd(d− 2)4
32(d− 1)3 Sd−3 log(ww¯zz¯/|y|
4)
1
|y|2d = −
2ns(d− 2)
(d− 1)3 Sd−3 log(ww¯zz¯/|y|
4)
1
|y|2d .
(D.6)
Dividing by 〈T++T−−〉 gives
γ(1) =
16pins(d− 2)
cT (d− 1)3 Sd−3. (D.7)
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Comparing with (C.8), we see that
c(2)
γ(1)
=
2pi
Sd−3
(D.8)
as required by the first law of entanglement.
E Calculating Fn
At first glance, Fn seems difficult to calculate; we would like a method to compute this
correlation function at leading order in n − 1 without having to analytically continue a Zn
symmetrized four point function. The method for analytic continuation is detailed in Appendix
B.
As detailed in Appendix B, part of what makes the analytic continuation in n difficult is
the analytic structure (branch cuts) due to various operators becoming null separated from
each other in Lorentzian signature. One might naively worry that we have to track this for
four operators in the four point function Fn.
We will leverage the fact that the two stress tensors in Dˆ+(y1) and Dˆ+(y2) are in the
lightcone limit with respect to the defect since
Dˆ+(y1) = lim|z|→0
i
∮
dz¯
n−1∑
j=0
T
(j)
++(z = 0, z¯, y1). (E.1)
Thus, the stress tensors at y1 and y2 commute with each other even after a finite amount of
boost. This means that these two operators do not see each other in the analytic continua-
tion. In other words, the analytic structure for each of these operators is just that of a Zn
symmetrised three point function. This was computed in Appendix B.
We can thus jump straight to (B.12) but now with two Ob operators. The final replica
four point function assuming [Ob1 ,Ob2 ] = 0 is given by10
(n− 1)
8pi2
∫ ∞
−∞
dscdsb1dsb2
∫ sc
0
dtb1dtb2
〈[Ob2(−isb2 − itb2), [Ob1(−isb1 − itb1),Oa(0)]]Oc(−isc + τca)〉1
64 sinh2((sb1 − iτb1a) sinh2((sb2 − iτb2a)/2) sinh2((sc − i)/2)
+O((n− 1)2). (E.2)
10We have dropped the so-called “replica diagonal" terms in (B.12) since they will drop out of the final
answer after the residue projection in (E.1).
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To make contact with Fn, we assign
Ob1(−is1) = lim|z|→0 i
∮
dz¯ e2s1−2iτb1aT++(x− = 0, x+ = rz¯es1 , y1)
Ob2(−is2) = lim|w|→0 i
∮
dw¯ e2s2−2iτb2aT++(x− = 0, x+ = rw¯es2 , y2)
Oc(−isc) = lim|u|→0 i
∮
du e−2sc+2iτcaT−−(x− = −rue−sc , x+ = 0, y4)
Oa(0) = lim|v|→0 i
∮
dv
2pii
T−−(x− = −rv, x+ = 0, y3)
(E.3)
with z¯, w¯ = rz¯,w¯eiτb1,b2 and u, v = ru,ve−iτa,c . The funny factors of e2s−2iτ are to account for
the spin of the stress tensor.
Shifting sb1,2 → sb1,2 − tb1,2 − log(r1,2) and moving to null coordinates λ = es, we find the
expression
Fn = lim|z|,|w|,|u|,|v|→0
∮
dz¯ dw¯ du dv×
(n− 1)
8pi2
∫ ∞
−∞
dsc
∫ ∞
0
dλb1,2 λ
2
b1
λ2b2
z¯3w¯3
∫ sc
0
dtb1dtb2e
−sce−tb1−tb2e6iτa ×〈
[T++(x
+ = λb1), [T++(x
+ = λb2), T−−(x− = −rv)]]T−−(x− = −rue−sc−iτca)
〉
1(
λb1e
iτa
z¯e
tb1
− 1
)2 (λb2eiτa
w¯e
tb2
− 1
)2
(esc−i − 1)2
. (E.4)
The first line in (E.4) comes from the residue projections in the definitions of the displace-
ment operators. Expanding the integrand at small |z¯| and |w¯|, we can perform the residue
integrals over z¯ and w¯ leaving us with
Fn = lim|u|,|v|→0
∮
du dv×
1− n
2
∫ ∞
−∞
dsc
∫ sc
0
dtb1dtb2e
−sc+2iτaetb1+tb2
〈
[E+(y1), [E+(y2), T−−(x− = −rv)]]T−−(x− = −ue−sc+iτa)
〉
1
(esc−i − 1)2
(E.5)
where E+(y1) is a half-averaged null energy operator,
∫ ∞
0
dx+T++(x
+).
We can now do the tb1 and tb2 integrals which produce two factors of esc − 1 precisely
cancelling the denominator. Note that a similar cancellation occurred in equation (6.12). We
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can then replace commutators of half-averaged null energy operators with commutators of full
averaged null energy operators. Using the fact that Eˆ+ |Ω〉 = 0, we are left with the expression
Fn = lim|v|,|u|→0
∮
dudv×
(1− n)
2
∫ ∞
−∞
dsc e
−sc+2iτa
〈
T−−(x− = −rv, x+ = 0, y3)Eˆ+(y1)Eˆ+(y2)T−−(x− = −ue−sc+iτa , x+ = 0, y4)
〉
1
.
(E.6)
Using boost invariance, we can also write this as
Fn = 4pi2(n− 1)
∫ ∞
−∞
dsc e
−sc
〈
T−−(x− = −1, x+ = 0, y3)Eˆ+(y1)Eˆ+(y2)T−−(x− = −e−sc , x+ = 0, y4)
〉
1
(E.7)
where we have performed the projection over v, u.
This is precisely the formula we were after. From here, one can just insert the Eˆ+ × Eˆ+
OPE as described in the main text.
F Free Field Theories and Null Quantization
In this section we review the basics of null quantization (see [5, 45]). We then show that our
computations in Section 6 can reproduce the results of [5]. In free (and super-renormalizable)
quantum field theories, one can evolve the algebra of operators on some space-like slice up to
the null plane x− = 0 and quantize using the null generator P+ =
∫
dd−2y dx+ T++(x+, y)
as the Hamiltonian. One can show that for free scalar fields, the algebra on the null plane
factorizes across each null-generator (or “pencil”) of the x− = 0 plane. For each pencil, the
algebra Apy is just the algebra associated to a 1+1-d chiral CFT. Accordingly, the vacuum
state factorizes as an infinite tensor product of 1 + 1-d chiral CFT vacua:
|Ω〉 =
⊗
y
|Ω〉py (F.1)
where |0〉py is the vacuum for the chiral 1 + 1-d CFT living on the pencil at transverse
coordinate y.
Thus, if we trace out everything to the past of some (possibly wiggly) cut of the null plane
defined by x+ = X+(y), we will be left with an infinite product of reduced vacuum density
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matrices for a 1 + 1-d CFT on the pencil
σX+(y) =
⊗
y
σ
py
x+>X+(y)
. (F.2)
As discussed in [5], a general excited state on the null plane |Ψ〉 can also be expanded in
the small transverse size of A of a given pencil. For any py, the full reduced density matrix
above some cut of the null plane takes the form
ρ = σ
py
X+(y)
⊗ ρ(0)aux +A1/2
∑
ij
σ
py
X+(y)
∫
drdθfij(r, θ)∂φ(re
iθ)⊗ Eij(θ) (F.3)
where ∂φ is an operator acting on the pencil Hilbert space and Eij(θ) = eθ(Ki−Kj) |i〉 〈j|,
with |i〉 eigenvectors for the auxiliary modular Hamiltonian,Kaux. Note that Eij parameterizes
our ignorance about the rest of the state on the null plane which is not necessarily the vacuum.
As a consistency check of (6.12), we now demonstrate agreement with the result of [5].
In null quantization, the delta function piece of the shape deformation corresponds to a shape
deformation of the pencil while keeping the auxiliary system fixed. Note that the ansatz F.3
is analogous to the λ expansion in Section 6 even though we are now considering a general
excited state
ρ = σ +A1/2δρ+O(A). (F.4)
We now just plug in our expression of δρ into (6.8) and find that the relative entropy
second variation is
d2
dX+(y)2
Srel(ρ|ρ0) = 1
2
∑
ij
∫ ∫
(drdθ)1(drdθ)2(fij(r, θ))1(fji(r, θ))2∫
ds es〈(∂φ)1E+E+(∂φ)2(s)〉p〈Eij(θ1)Eji(θ2 − is)〉aux. (F.5)
Now on the pencil, E+ is the translation generator so we can use the commutator i[E+, ∂φ] =
∂2φ and the fact that E+ |0〉 = 0 to get
d2
dX+(y)2
Srel(ρ|ρ0) = 1
2
∑
ij
∫ ∫
(drdθ)1(drdθ)2(fij(r, θ))1(fji(r, θ))2∫
dses〈(∂3φ)1(∂φ)2(s)〉p〈Eij(θ1)Eji(θ2 − is)〉aux. (F.6)
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Figure 6. The Hilbert space on a null hypersurface of a free (or superrenormalizable) quantum
field theory factorizes across narrow pencils of width A. One pencil is shown above in yellow. The
neighboring pencils then can be thought of as an auxiliary system (shown in blue). In the vacuum,
the state between the pencil and the auxiliary system factorizes, but in an excited state there could
be nontrivial entanglement between the two systems.
Using the chiral two-point function we have
〈(∂3φ)1(∂φ)2(s)〉p = e
s
(r1eiθ1 − r2eiθ2+s)4 . (F.7)
Moreover, the auxiliary correlator is given by
〈Eij(θ1)Eji(θ2 − is)〉 = e−2piKieνij(θ1−θ2+is), νij = Ki −Kj (F.8)
We now shift the integration contour by s→ s+ i(θ1− θ2) + ipi+ log(r1/r2). Putting this
all together we are left with evaluating
e−pi(Ki+Kj)e−2i(θ1+θ2)
(
r1
r2
)iνij 1
(r1r2)2
∫ ∞
−∞
ds
eisνije2s
(1 + es)4
. (F.9)
The θ integrals project us onto the m = 2 Fourier modes of fij , f
(m=2)
ij (r), and we find the
final answer
d2
dX+(y)2
Srel(ρ|ρ0) = 1
2
∑
ij
|F (2)ij |2e−pi(Ki+Kj)g(νij) (F.10)
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where
F
(m)
ij =
∫
dr
rm
riνijf
(m)
ij (r), g(ν) =
piν(1 + ν2)
sinh(piν)
. (F.11)
This is precisely the answer that was found by different methods in [5]. Note that the right
hand side of (F.10) is manifestly positive as required by the QNEC.
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